
Estrogen Response Element Circuit Model 
 
Purpose 

The goal of the Estrogen Response Element (ERE) circuit model is to create a 
mathematical model of gene expression of our novel BioBrick circuit to measure levels of 
17β-estradiol (E2) from samples of women to support diagnostic and treatment methods. 
Endometriosis has been defined as an estrogen-dependent disease, in which levels of E2 have 
been implicated in growth and inflammation of endometriotic lesions (Chantalat et al. 2020, 
Kitawaki et al. 2002). The purpose of this model is to serve as a tool to inform our choice of 
regulatory components to include in the circuit and the ideal copy number of the plasmid 
backbone the BioBrick should be used in. Given the reduced lab access as a result of COVID-19, 
we were unable to produce the BioBrick construct and test the functionality or measure its 
performance to optimize the design. Instead, we had to use modeling to support the choices made 
in the design of this BioBrick of our circuit. 
 
Description of Circuit 

We designed a synthetic circuit for expression in Escherichia coli to determine the 
concentration of E2 in tissue samples (Figure 1). The circuit works based on the same principles 
of E2-activated gene expression in human cells, in which E2 binds to synthetically derived 
estrogen receptors (ERs), a steroid/nuclear hormone receptor. E2 and estrogen receptors form a 
dimerized complex that can bind and activate DNA enhancer regions called estrogen response 
elements (EREs) that dramatically upregulate protein expression.  Enhancement of the T7 
promoter will lead to expression of a reporter molecule, we have chosen green fluorescent 
protein (GFP), that can then be measured to correlate with the sample concentration E2.  

 



Figure 1: Diagram of the ERE BioBrick circuit in action. When estradiol (E2) binds to estrogen 
receptor (ER), the complex activates an estrogen response element (ERE), which in turn 

activates T7 promoter. 
Mathematical Basis of the Model 

This model uses a Hill function, a standard equation in biochemistry that describes 
binding, to describe gene expression based on the binding of E2 and estrogen receptors, which 
makes up the activator complex (ER + E2 → ERE2), and the binding of the activator complex to 
the estrogen response element, which activates a T7 promoter. This model was created from 
multiple examples of Hill function-based models of gene expression compatible with our circuit 
(Vignoni 2020, Bottani et. al 2017). The use of a Hill function allows for a simplified model of 
gene expression that is more mathematically intuitive and more accessible to those with limited 
modeling and math experience. The general structure and mathematical principles behind the 
model allows for applications in a wide range of gene expression of synthetic circuits involving 
promoter activation through enhancer regions or transcription factors, meaning that this model 
can easily be modified to apply to a variety of gene circuits. The hope is that this model allows 
for more accessible modeling for future iGEM teams. 

Given that there was insufficient kinetic data in the literature to describe the activation 
relationship between the estrogen response element and the T7 promoter, we had to make 
assumptions to describe this interaction. As such, we equated activation of the estrogen response 
element to activation of the T7 promoter with no time lag, as kinetic data on the binding of the 
estrogen response element and the activator complex. This eliminates the need to include a 
kinetic parameter to relate activation of the estrogen response element to the activation of the T7 
promoter.  

Equation (i) is the Hill function that describes the overall expression of the gene circuit. 
In this case, it quantifies GFP expression as a function of E2 and estrogen receptor 
concentrations. It is made up of two major components, αmax , and the transcriptional range, 
which is described in equation ii. αmax  is a constant that describes the maximum expression level 
of the gene product, or the expression of the gene product under a constantly activated promoter. 
The transcriptional range (TR) represents the actual proportion of promoter activation from 0 to 
1. The transcriptional range, described in equation (ii) is based on the amount of the activator 
complex (ERE2), which is determined by the concentration of the proteins (E2 and ER) that bind 
to form the complex and the dissociation constant (KD) between the proteins, as well as the KD 
between the activator complex and the estrogen response element (ERE). The KD of the activator 
complex binding to the estrogen response element is described in equation (iii). As αmax  
represents the maximum amount of gene product under constant promoter activation, and the 
transcriptional range represents the actual proportion of promoter activation based on the sample, 
multiplying the transcriptional range and the αmax gives the actual yield of gene product for the 
sample (Bottani et. al 2017). Additionally, the Hill coefficient, n, describes the number of 
binding sites of the activator complex for each promoter. In our circuit, the Hill coefficient 
represents the number of estrogen response element sites upstream of the T7 promoter. 
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Calculations of the αmax parameter 

The parameter αmax is typically determined by experimental values, but due to restricted 
lab access, we had to estimate it from literature values. There has been little previous work to 
mathematically form an estimate for αmax available. The estimate was built up from the most 
basic components of gene expression to yield an estimate of total expression. By building from 
experimentally determined rates of transcription and translation on a per protein basis, we could 
multiply by the number of known sites in which expression could occur to determine a number 
of reporter proteins that are produced per cell.  

First, in order to estimate αmax, we found an experimentally determined rate of 
transcription for a T7 promoter which was determined to be 36 nt/sec (Nichola 2010).  Using 
GFP as our reporter molecule, which is 238 amino acids long, we determined the length of an 
individual transcript in equation (iv). Using an individual transcript length and the transcription 
rate, we determined the rate at which transcripts of GFP can be generated in equation (v). 

 
iv) 238 AA * 3 nucleotides/AA = 714 nt 

v) 1 transcript/714nt * 36nt/sec = 0.05 transcript/sec = 3 transcripts/min 
 

From the rate of transcript formation, we calculated the rate of protein formation using 
the rate of protein formation per mRNA. Based on an experimentally-determined rate of 
monomer formation for DsRed fluorescent protein, which is similar in size and function to GFP 
(Guet et. al 2008), we can assume a maximum production rate for our protein on a per promoter 
basis in equation (vi). As GFP is active as a monomer, monomer and protein is synonymous in 
these equations. 

 
vi) 3 transcripts * 6.7 monomers/mRNA/min = 20.1 monomers/min = 20.1 protein/min 

 
The rate of protein formation per promoter can be converted to a rate of protein formation 

on a cellular level by multiplying the copy number of the plasmid backbone. The copy number of 
a plasmid describes the number of plasmids that are found within a cell, determined by the 
plasmids rate of replication. As the choice of plasmid and copy number is one of the elements of 
the circuit design that we are using the model to inform, this number is changed in order to 
evaluate the effect of copy number on the overall gene product levels. Below, 200 is chosen as 
an entirely arbitrary value to provide an example of a complete equation. Additionally, as the 



Hill function does not include a time variable, the true αmax was multiplied by the time that the 
sample would be run before testing absorbance. In this instance, a run-time of 5 hours was used, 
as this length was used in a similar experiment (Wendland et al. 2002).  Using these variables 
and equations, we built equation (vii), which provides an αmax . 
 

vii) αmax = 20.1 protein/min * 200 copies * 5 hours * 60 min/hour = 1.206e6 protein/cell 
 
 
A generic formula to estimate the αmax  is provided below. 
 

vii) 1 transcript / Length of protein in nt * RNAP transcription rate in nt/sec * 
 number of proteins per mRNA in proteins/transcript * copy number of the plasmid * 

experimental run time in minutes = αmax   in number of proteins/cell 
 
 
Criteria for Interpretation of Results 

The purpose of this model is to guide our design of a gene circuit to produce levels of 
GFP within a detectable and accurate threshold. Therefore, we sought to identify parameters 
involved in our model that we could manipulate that could inform our circuit and experimental 
design. Typically, the most effective levels of GFP would be experimentally determined and 
tuned to determine a detectable level that is not toxic to cells or does not pose such a strong 
metabolic burden. However, without experimental access, we must turn to literature. There is not 
much literature describing the levels of GFP that fit these criteria, although one study conducted 
on the bacterium Salmonella typhimurium determined that this optimal level is between 100,000 
(1e5) and 200,000 (2e5) molecules per cell (Wendland et al. 2002). As a proxy for threshold 
levels for E. coli, these levels were used to guide the design of this circuit. 

These GFP thresholds that we defined must correlate with the GFP response within 
clinically relevant concentrations of E2 for endometriosis. Given that the sample would likely be 
collected from serum, as it typically is (Huhtinen et al.  2009), the range of E2 that we needed to 
observe was between 1nM to 5nM, to capture the upper and lower limits detected (Huhtinen et 
al. 2012).  

Additionally, research has found synergistic effects on expression utilizing multiple 
estrogen response elements per promoter, specifically three as the number to maximize 
expression (Klinge 2001). Given that maximum expression is not the goal of this circuit, but 
rather expression within our determined thresholds, we only ran the model with a single estrogen 
response element. In terms of the model, this means that the Hill coefficient was kept at n=1 
through all iterations. 
  



Parameters used for Model 
The Hill-function model and αmax estimate was coded into MatLab. Figure 2 summarizes the set 
of parameters that are used in the model and the area in the MatLab code that they can be altered. 
These are the tools that will be used to manipulate the model and calculate the anticipated levels 
of GFP produced. Table 1 summarizes the literature values for the KD values that were used. 
These values do not change throughout the model. 
 

 
Figure 2: The code interface in which parameters and values can be altered 

fER and ERE KD1 0.9 nM (Zhang 1999) 

ER and estradiol-17b KD2 0.5 nM (Rich 2002) 
Table 1: These parameters are taken from the literature and are unchanged through all model iterations 
 
 
 
Using the Model to Inform Circuit Design 

After establishing the guidelines and thresholds for running the model and setting the 
ideal range of GFP production, we began to run the model to evaluate the effect of parameters 
involved in the design of the circuit. Some parameters stayed constant in this equation, as these 
are inherent to the biological function of our circuit, including the KD values, and the 
transcriptional rate. Through testing of the model, it was determined that concentration of 
estrogen receptors (ER) has a minimal effect on the results, so for simplicity, estrogen receptor 
concentration was held at 0.5nM through all iterations.  

The first parameter that was evaluated was the copy number of the plasmid, as that is the 
most easily manipulated through choice of plasmid backbone. Copy number is typically split 
between high and low copy numbers, with low copy numbers in the 1-10 range, and high copy 
numbers reaching 100-300 range. The model was run at copy numbers (CN) of 100 (Figure 1) 
and 10 (Figure 2) to represent the difference between high and low plasmid amounts. 

As anticipated, the expression levels of GFP between a copy number of 10 and a copy 
number of 100 differ by a factor of 10. The low copy number model produces GFP levels of 
3e4-5e4 molecules/cell within the clinically relevant range of E2 concentrations. These levels 
fall below our ideal range for GFP which is 1e5-2e5 molecules/cell. For the high copy number 



model, GFP expression was within 3e5-5e5 molecules/cell, which is above our ideal range. 
Despite the results of the high-copy number model being in close proximity to the ideal range, it 
still reaches levels above our bounds before reaching relevant concentrations of E2. As available 
plasmids in the iGEM catalog do not offer copy numbers between these values, further 
parameters had to be evaluated to move the GFP production into our range. 

 

 
Figure 1: The result of the model when run with a copy number of 10. GFP expression is given in 1e4 protein/cell, 
and E2 concentration is given in nM.  
 

 
Figure 2: The result of the model when run with a copy number of 100. GFP expression is given in 1e5 protein/cell, 
and E2 concentration is given in nM. 
 
 

In order to further modify the model, the choice of promoters was evaluated. This was 
used by incorporating promoter efficiency, a value that compares the expression levels of 
promoters relative to each other. Using the iGEM Parts Registry, we identified a group of 
promoters produced by the EPFL 2011 team. Through point mutations, the team created 
promoters based on the consensus sequence of the T7 promoter and determined their efficiency 
values relative to the consensus T7 sequence. The model was run again with promoters at 0.5 



efficiency (Figure 3) compared to the consensus T7 sequence, and then again at 0.33 efficiency 
(Figure 4) using parts BBa_K163004 and BBa_K163003, respectively. Given that the Hill 
function is determined by the proportion of promoter activation, we multiplied our 
transcriptional range, equation ii, by the efficiency value to yield the new GFP expression levels. 

In Figure 3, with the promoter efficiency at 0.5, GFP expression induced by our circuit 
quickly rose above our ideal range by the time the E2 concentration reached 2nM, while we 
needed GFP expression to remain in the ideal range up through 5nM. However, in figure 4, using 
a promoter with 0.33 efficiency, GFP expression stayed between the 1e5 and 2e5 range for E2 
concentrations of 1nM to 5nM, meaning this result is compatible with the bounds that we set for 
our gene circuit. Therefore, we chose to use the BBa_K163003 promoter in our circuit, as its 
efficiency resulted in expression within our ideal range throughout clinically relevant 
concentrations of E2. 

 

 
Figure 3: GFP expression levels in 1e5 molecules/cell using a copy number of 100 and a promoter efficiency of 0.5 

 
Figure 4: GFP expression levels in 1e5 molecules/cell using a copy number of 100 and a promoter efficiency of 0.33 
 
  



Conclusions 
Utilizing our Hill function model of gene expression for our synthetic circuit to detect 

sample concentration of E2 utilizing estrogen response element activation of GFP expression, we 
were able to inform aspects of the circuit and experimental design that would have been 
impossible to determine experimentally with our team’s very limited lab access due to 
COVID-19 restrictions. Using a variety of literature-based values to build and estimate our 
model’s parameters and the bounds of valid results, we were able to determine several 
components of our design. It was decided from the results of this model to use a high copy 
number, a T7 promoter with an efficiency near 0.33 compared to the consensus T7 promoter, and 
to use only one estrogen response element site per promoter. Without the use of this model, there 
would not have been a way to evaluate the circuit design for functionality in an experimental 
setting. 

This information was ultimately used to create our BioBrick, BBa_K3346011. This 
BioBrick is designed for use in the plasmid pSBA130, using a consensus estrogen response 
element taken from Klinge et al. 2001 upstream of a mutated T7 promoter and RBS sequence 
from part BBa_K163003, expressing the GFP gene designed for synthetic use from the part 
BBa_K12550. 
 
 
Future Directions  

The mathematical equations used for the model are not dynamic, in that they do not 
incorporate time as an element. Binding over time will change, but our use of a single-equation 
and static model makes the creation and analysis more intuitive and accessible. As for literature 
values used, due to the lack of available literature related to some of the values used, the 
experiments these values came from did not replicate all of the conditions that our circuit and 
experiment will occur in. For example, the GFP range that we used was performed in a different 
bacterium than E. coli, which we will be using. Ideally, our team would have been able to 
support the results of this model using experimentally collected data, which would have 
eliminated the need for an estimate of αmax with many assumptions. However, it continues to 
serve as a tool to inform the impact of several design elements, including copy number and 
promoter strength, on the overall response of the synthetic circuit. 
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